Abstract. In this paper we develop a finite-difference scheme to approximate radially symmetric solutions of the initial-value problem with smooth initial conditions (1)
Introduction
Klein-Gordon-like equations appear in several branches of modern physics. A modified sine-Gordon equation appears for instance in the study of long Josephson junctions between superconductors when dissipative effects are taken into account [1] . A similar partial differential equation with different nonlinear term appears in the study of fluxons in Josephson tramsmission lines [2] . A modified Klein-Gordon equation appears in the statistical mechanics of nonlinear coherent structures such as solitary waves in the form of a Langevin equation (see [3] pp. 298-309); here no internal damping coefficient appears, though. Finally, our differential equation describes the motion of a damped string in a non-Hookean medium.
The classical (1 + 1)-dimensional linear Klein-Gordon equation has an exact soliton-like solution in the form of a traveling wave [4] . Some results concerning the analytic behavior of solutions of nonlinear Klein-Gordon equations have been established [5, 6, 7] ; however, no exact method of solution is known for arbitrary Key words and phrases. Finite-difference scheme; Klein-Gordon equation.
initial-value problems involving this equation. From that point of view it is important to investigate numerical techniques to describe the evolution of radially symmetric solutions of (1).
It is worth mentioning that some numerical research has been done in this direction. Strauss and Vázquez [8] developed a finite-difference scheme to approximate radially symmetric solutions of the nonlinear Klein-Gordon equation for the same nonlinear term we study in this paper; one of the most important features of their numerical method was that the discrete energy associated with the differential equation is conserved. The numerical study of the sine-Gordon model that describes the Josephson tunnel junctions has been undertaken by Lomdahl et al. [2] . Numerical simulations have also been performed to solve the (1 + 1)-dimensional Langevin equation [9] .
In this paper we extend Strauss and Vázquez's technique to include the effects of both internal and external damping, and validate our results against those in [8] . Section 2 is devoted to setting up the finite-difference scheme; the energy analysis of our problem is also carried out. Numerical results are presented in Section 3, followed by a brief discussion.
Analysis
Analytical results. The following is the major theoretic result we will use in our investigation. Here M (t) represents the amplitude of a solution of (1) at time t, that is M (t) = max x |w(x, t)|.
Theorem 1. Let β and γ be both equal to zero, and let G ′ (w) = |w| p−1 w. Suppose that φ and ψ are smooth and small at infinity. Then
(1) If p < 5, a unique smooth solution of (1) exists with amplitude bounded at all time [6] . (2) If p ≥ 5, a weak solution exists for all time [10] . (3) For p > 8/3 and for solutions of bounded amplitude, there is a scattering theory; in particular, they decay uniformly as fast as M (t) ≤ c(1
Finite-difference scheme. Throughout this section we will assume that the functions φ(x) and ψ(x) are smooth, of compact support, radially symmetric in the open sphere D with center in the origin and radius L, and that φ, ψ, rφ and rψ are small at infinity in D. Moreover, we will suppose that w(x, t) is a radially symmetric solution of (1).
Let r = ||x|| be the Euclidean norm ofx and let G ′ (w) = w p , for p > 1 an odd number. Setting v(r, t) = rw(r, t) for every 0 < r < L and t ∈ R, it is evident that v must satisfy the mixed-value problem (2)
subject to :
Proceeding now to discretize our problem, let a < L be a positive number with the property that φ and ψ vanish outside of the sphere with center in the origin and radius a − ǫ, for some ǫ > 0. Let 0 = r 0 < r 1 < · · · < r M = a and 0 = t 0 < t 1 < · · · < t N = T be partitions of [0, a] and [0, T ], respectively, into M and N subintervals of lengths ∆r = a/M and ∆t = T /N , respectively. Denote the approximate value of v(r j , t n ) by v n j . The finite-difference scheme associated with (2) is
Computationally, our method requires an application of Newton's method for systems of nonlinear equations along with Crout's reduction technique for tridiogonal linear systems.
An interesting property of this finite-difference scheme is that, for initial approximations {w 0 j } and {w 1 j } with zero centered-difference first spatial derivatives at the origin, the successive approximations provided by the method have likewise centered-difference first spatial derivative equal to zero at the origin. This claim follows by induction using the facts that Our last statement implies that for a smooth initial profile at the origin, the subsequent approximations yielded by our method will be likewise smooth. As a test case, it is worthwhile mentioning that we have successfully obtained numerical results to verify this claim using a Gaussian initial profile centered at the origin.
Stability analysis. It is clear that (3) is consistent order O(∆t
2 )+O(∆r 2 ) with (2) whenever G ′ is identically equal to zero. Moreover, in order for the finite-difference scheme to be stable order n it is necessary that ∆t ∆r
To verify this claim, notice first that (3) can be rewritten as
Define R = ∆t/∆r. Let V 
Denoting the Fourier transform of eachV n j byV n j , we obtain that
2 and
The matrix A(ξ) multiplyingV n j in the last vector equation is the amplification matrix of the problem, which has eigenvalues given by
In particular, for ξ = π the eigenvalues of A are
Suppose for a moment that 1 − 2R 2 < −k(π). If the radical in the expression for the eigenvalues of A(π) is a pure real number then |λ − | > 1. So for every n ∈ N, ||A n || ≥ |λ − | n grows faster than K 1 + nK 2 for any constants K 1 and K 2 . A similar situation happens when the radical is a pure imaginary number, except that in this case | · | represents the usual Euclidean norm in the field of complex numbers.
Summarizing, if 1−2R
2 < −k(π) then scheme (3) is unstable. Therefore in order for our numeric method to be stable order n it is necessary that 1
, which is what we needed to establish.
Energy analysis. Assume that G : R → R is continuously differentiable, and that w(x, t) is a solution of (1) in a domain D of R 3 . Moreover, we assume that ∇w ·n is zero near the boundary of D at all time, wheren denotes the unit vector normal to the boundary of D. The Lagrangian associated with our nonlinear modified Klein-Gordon equation is given by It is easy to derive the following expression for the total energy associated with our nonlinear dissipative Klein-Gordon-like equation: (1) with G ′ (u) at t = 0.2, for initial data φ(r) = 0 and ψ(r) = 100h(r), β = 0 and γ = 0 (solid), γ = 5 (dashed) and γ = 10 (dotted).
Proposition 2. The instantaneous rate of change with respect to time of the total energy associated with the PDE in (1) is given by Proof. Taking derivative on both sides of Equation (4), we obtain that On the other hand, from Green's first identity we see that
The surface integrals in these last two equations are equal to zero, whence the result follows. It is worthwhile noticing that if β and γ are positive then the total energy is decreasing in time. Also, if β and γ are both equal to zero then the energy is conserved. Finally, if β is zero then the expression of E ′ (t) coincides with the one derived in [12] . Let us assume now that G is nonnegative. The total energy in this case is likewise nonnegative and the integral of every term in (4) is bounded by 2E(t)/m. In particular, this last statement implies that the integral of w 2 at time t is bounded by E(t). For those times t for which E(t) is finite (and particularly for the case when β and γ are both equal to zero), this means that w is a square-integrable function in the first variable at time t. Let G ′ (w) = w p with p > 1. Assuming that w is a radially symmetric solution of the damped nonlinear Klein-Gordon equation in a sphere D with center in the origin and radius L, and using the transformation v(r, t) = rw(r, t) the energy expression adopts the form E(t) = 4πE 0 (t), with The instantaneous rate of change of energy is given by E ′ (t) = 4πE ′ 0 (t), where
It is possible to reproduce now the argument in [8] to show that for every t and nonzero r, |w(r, t)| ≤ 2E 0 (t)/r. This means in particular that if a solution were unbounded, it would have to be unbounded at the origin.
The discrete energy is given by
This expression is obviously consistent with (5). Moreover, taking the difference between E n 0 /∆r and E n−1 0 /∆r and simplifying after using (3), it can be shown that
For β = 0 this expression provides us with a consistent approximation to the instantaneous rate of change of energy. Numerical results demonstrate that energy decreases as a function of time for β > 0, which is in agreement with the corresponding instantaneous change of energy as a function of time.
Numerical results
The numerical results presented in this section correspond to approximate solutions of the dissipative, nonlinear, modified Klein-Gordon equation (1) with respect to the corresponding undamped solution at t = 0.2. Table 3 . Relative differences of internally damped solutions to (1) with respect to the corresponding undamped solution at different time steps.
Nonlinear Term
Time step Relative differences n β = 10 Table 4 . Table of relative differences of internally damped solutions of (1) with respect to the corresponding undamped solution at t = 0.2. External damping. Throughout this section we fix β = 0.
Nonlinear Term Relative differences
Let us start considering the problem of approximating radially symmetric solutions of (1) with G ′ (u) = u 7 , and initial data φ(r) = h(r) and ψ(r) = h ′ (r)+h(r)/r, where
We have plotted numerical solutions of this problem for several values of γ. The graphical results are presented in Figure 1 for γ = 0, 5, 10. We observe first of all that the solutions of the damped nonlinear Klein-Gordon-like equation corresponding to small values of γ are consistently similar to those of the undamped case. To verify this claim quantitatively, we consider the approximationsv n 0 andv n γ to the undamped and damped cases, respectively, and compute the relative difference in the ℓ 2,∆x -norm via
0 || 2,∆x (here we follow [13] ). The relative differences for several values of γ at consecutive time steps are shown in Table 1 . We observe that the difference between the solutions of the nonlinear Klein-Gordon-like equation with damping coefficient γ and the corresponding undamped equation can be made arbitrarily small by taking γ sufficiently close to 0.
We wish to corroborate this pattern for different nonlinear terms and a different set of initial conditions. With this objective in mind, Figure 2 depicts numerical solutions of (1) with γ = 0, 5, 10, nonlinear terms G ′ (u) = 0, u 3 , u 5 , u 7 , u 9 , and sinh(5u) − 5u, initial conditions φ(r) = 0 and ψ(r) = 100h(r), and values of γ = 0, 5, 10. More accurately, Table 2 provides relative differences of these solutions at t = 0.2 (for the nonlinear functions listed above and varying values of γ) with respect to the corresponding undamped solution, for a wider selection of values of the parameter γ.
It must be mentioned that, as it was expected, the total energy was invariably decreasing for positive values of γ, and increasing for negative values. For the value γ = 0, the rate of change of energy is equal to zero and our numeric results agree with [8] . Experimental results show that small values of γ correspond with small values of the discrete rate of change of the energy. This last observation corroborates stability of our method.
We also observe that the amplitude of solutions corresponding to positive values of γ tend to decrease as time or γ increases. Figure 2 partially corroborates that behavior. We have computed solutions corresponding to negative values of γ (graphs not included in this paper) and have verified that the amplitude of solutions increases with time and with |γ|.
Finally, we have obtained graphs of the energy E 0 vs. time for G ′ (u) = u 3 , u 5 , u 7 , initial data φ(r) = 0 and ψ(r) = 100h(r), and values of γ = 1, 5, 10. The results (depicted in the left column of Figure 7) show a loss in the total energy as a function of time.
Internal damping. Consider first the case when γ equals zero. Figure 3 shows numerical solutions of (1) at consecutive times, for initial data φ(r) = h(r) and ψ(r) = h ′ (r) + h(r)/r, with nonlinear term G ′ (u) = u 7 , and values of β = 0, 0.001, 0.003. We observe that small values of β produce results similar to those of the corresponding undamped case. To corroborate this claim, we appeal once more to the relative differences in the ℓ 2,∆x -norm of dissipative solutions with respect to the non-dissipative one. The results are shown in Table 3 . The results evidence the continuity of solutions with respect to the parameter β for this particular choice of nonlinearity, providing thus numerical support in favor of the stability of our method.
We want to establish now the continuity of our method for several nonlinear terms at a fixed large time. In order to do it, Figure 4 shows the numerical solutions of (1) at time t = 0.2, for the nonlinear terms G ′ (u) = u 3 , u 5 , u 7 , for two different sets of initial conditions: φ(r) = 0 and ψ(r) = 100(h), and φ(r) = h(r) and ψ(r) = 0, and values of β = 0, 0.0001, 0.0002. The graphs in this figure, together with the analysis of relative differences in the ℓ 2,∆x -norm supplied in Table 4 for the first set of initial conditions, evidence the continuity of the numerical solution given by our method with respect to the parameter β for different nonlinearities.
We now consider the case when γ is nonzero. We use G ′ (u) = 0, u 3 , u 5 , u 7 , u 9 , and sinh(5u) − 5u, initial data φ(r) = 0 and ψ(r) = 100h(r), and time t = 0.2. Figure 5 shows numerical solutions of (1) In order to study the time behavior of the solutions near the origin we have included Figure 6 , using initial data φ(r) = 0 and ψ(r) = 100h(r), the nonlinear terms G ′ (u) = u 3 , u 5 and u 7 , different choices of values for β and γ, and ∆r = ∆t = 0.002. The left column shows the time-dependence of solutions at the origin for β = 0 and three positive values of γ, whereas the right column shows similar results for γ = 0 and three positive values of β. We observe that the value of solutions at the origin for large times is always approximately equal to zero for β = 0, which is in agreement with our experience of the (1 + 1)-dimensional case.
Finally, Figure 7 shows the graphs of the energy E 0 vs. time for G ′ (u) = u 3 , u 5 , u 7 , initial data φ(r) = 0 and ψ(r) = 100h(r), and values of β = 0.0005, 0.001, 0.005. The results (depicted in the right column) show a loss in the total energy as a function of time. It is clear that the rate at which the total energy is lost due to internal damping is greater than the corresponding rate due to external damping.
Discussion
A numerical method has been designed to approximate radially symmetric solutions of some dissipative, nonlinear, modified Klein-Gordon equations with constant internal and external damping coefficients β and γ, respectively. Our finitedifference scheme is in general agreement with the non-dissipative results presented in [8] . The method is consistent O(∆t 2 )+ O(∆r 2 ), conditionally stable, and continuous with respect to the parameters β and γ; as expected, the total energy decays in time for positive choices of the parameters. The corresponding scheme to approximate the total energy of the system is consistent and has the property that the discrete rate of change of the discrete energy with respect to time approximates the corresponding continuous rate of change for β = 0.
Several conclusions can be drawn from our numerical computations. First of all, we have seen that both internal and external damping tend to decrease the magnitude of solutions, as it was expected. Our results clearly exhibit the dispersive effects of the parameter β and the dissipative effects of γ. Our energy computations evidence the fact that the rate at which the energy is dissipated by the internal damping is faster than the corresponding rate of external damping. Finally, we observe that the effect of the nonlinear term in the temporal behavior near the origin is to increase the number of oscillations as the degree of the nonlinearity is increased. Invariably, the solutions of the dissipative modified Klein-Gordon equation converge in time to the trivial solution.
